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Classical contraction > Classical
Linear Logic A—>AANA Logic
A A

—1—1-elimination
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=1 —1-elimination
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Classical contraction > Classical
Linear Logic A—>AANA Logic
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Linear Logic A—->ANA Logic
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Girard translations
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Intuitionistic contraction > Intuitionistic

Linear Logic A—->ANA Logic
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Girard translations
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Intuitionistic Linear Logic
(as basis system)
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Intuitionistic Linear Logic
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Intuitionistic Linear Logic

'FA [ At/z] F C
(VR) (VL)
['-VzA [''VxAFC
'FA[t/x INAEC
[t/x] (3R) EL)
['F3zA IdzAFC
[VIAJIAEC I'EC - A AFC
(con) (wkn) ('R)
[LVAEC [IAEC T HA VAR C

To ILL we will consider adding the following axiom schema:

(PRO) AF!A
(DNE) ——A F A.
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Definition 2 (Translating £(CLL) into £(ILL,)). The translation A — A* is de-
fined inductively as follows:

(A® B)} = At® Bt Pt := P (P atomic)
(A& B)! = A& B? (VzA)F = VzA?
(A B)' = Ate Bt (3zA) = FJzAt

(A— B)' = At — Bt (14t = 14t

(A9 B)} = —(-At @ -BY) A = —l1-Al

Proposition 2 (CLL as an extension of ILL,). Let CLL, := ILL, + DNE. Then
e A iffFcu, AR
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ILL as basis system

CLL, = ILL, + DNE - CLy, = ILL, + PRO + DNE

]
Z,
A
+

Tr ILL, ~IL, =ILL, +PRO

'+

m(J_R)
ILL + PRO - IL, = ILL + PRO
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Some Theorems of TLL.
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Proposition 4. The following CLL,, (and hence also CL,)) equivalences hold / fail

inlL, and ILL
IL, ILL
(7) —=(7—A® = B) oo —=(AR® B) v v
(41) ——(——A&—-—B) oo —-=(A&B) v X
(4i7) (=A@ —B) oo —-=(AD B) v v
(tv) ——=(——2A —o —-=B) oo ——(A— B) v X
(v) ——(=—2A — == B) oo —-—(A — ——B) v v
(vi) ——Vx——A oo —VzA X X
(vit) ——dz——A oo ——dzA v v
(vidi) ——lm—A4 oo —lA v X
(ix) —=(-—A® ——B) oo —-—A®-—B v X
(x) ——=(—-—A&-—-B) oo ——A&——B v v
(1) —=(-—A@ —-—B) oo —-—-A® B X X
(zit) —-—(-—A—o—-=B) oo —=—A——-—B v v
(xii7) ——Vx——A oo Vr——A v v
(ziv) ——3Jx——A oo dzr——A X X
(:C’U) ——l=—=A4 oo |m—A4 v X
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Proposition 4. The following CLLy, (and hence also CL,)) equivalences hold / fail

inlL, and ILL
IL, ILL
“% (7) —=(7—A® = B) oo —=(AR® B) v v
g (41) ——(——A&—-—B) oo —-=(A&B) v X
é' (151) ——=(—-—A@—-—B) oo —-=(AD B) v v
qg (Z’U) —|—|(—|—|A —o0 ﬂﬂB) 0—o ﬂﬂ(A —o0 B) v X
= (v (—A—--B) oo —=(A—--B) Vv Y
3 (vi) ——Vzx——A oo ——VzA X X
g (vit) ——3Jx——A oo —-dxA v v
(vidi) —=l=—A oo —-lA v X
(ix) —=(-—A® ——B) oo —-—A®-—B v X
(x) ——=(—-—A&-—-B) oo ——A&——B v v
(x1) —=(=—A P -—-B) oo —-—AP--B X X
(:C’LZ) —|—|(—|—|A —0 ﬂﬂB) oo —1mA— B v v
(xii7) ——Vx——A oo Vr——A v v
(ziv) ——3Jx——A oo dzr——A X X
(:C’U) ——l=—=A4 oo |m—A4 v X
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Proposition 4. The following CLL,, (and hence also CLy) equivalences hold / fail

inlL, and ILL
L.  ILLy

5 @) (-~ A® —B) oo ——(AQ® B) v v
iz (i)  ——(-—A&—B) oo ——(A& D) v X
g (it5) == (=—A@®—-—B) oo ——(A® B) Ve Vv
qg (Z’U) ﬂﬂ(—|—|A —o —I—IB) 0—o ﬁﬁ(A —o B) v X
= (W ~(A—-B) oo ~w(A—--B) vV V
3, (vi) ——Vz——=A oo ——VzA X X
% (vit) ——3Jx——A oo —-dxA v v

(viii) ——l-mA oo —-lA v X
"% (ix) —=(+mA® —B) oo ——A® B v X
e (2) ~—(-—A&-—B) oo —-—A&-—-B v v
3 (zi)) ——(~~A®--B) oo ——A®--B X X
g (3322) —|—|(—|—|A —0 —I—IB) oo ——1A—o 1B v v
b (xiii) ——Vz——A oo Vz——A v v
& (ziv) —~—3zg——A oo Iz-—A X X
3 (zv) ~alm—A oo 1amA v x
n
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Proposition 5. The following ILy, = ILL + PRO equivalences hold / fail in |LL*:

ILL

(i) I(IA®!B) oo IA®!B v
< (i)  V(A&!B) oo !A&!B X
SR @) (ASIB) oo 1AGIB v
=i (w) (lA—!B) oo !A—!B X
= © e VzlA oo ValA X
2 (vi) 13214 oo IzlA v

(vii) MA oo 1A v

(viti) (IA®!B) oo !(A® B) X
5 (iz) 1(A&!B) oo (A& B) v
t';. () !(!A—!B) oo |(A— B) X
= (z7) 1(lA—!B) oo l(IA—B) v
£ (zi1) IVz!A oo IVzA v

(xii7) I9x!A oo !dzA X

[1 G.Ferreira, P. Oliva and C. L. Protin
On the various translations between classical, intuitionistic and linear logic
Preprint — https://arxiv.org/abs/2409.02249
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Simplifying Proof Translations
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Translations of CL into IL (negative translations)

Definition (Kolmogorov, 1925).

The Kolmogorov translation (outer presentation) is inductively defined as:
(A ® B := =A% @ BX) (P)%o := =
(A & B)%o := ==(A% & B%) (VxA)ro ;= a=VxAL
(A @ B := =A% @ BX) (AxA)Ko := ~=3xAK
(A — B)fo := ==(A% — BXo) (1A .= 214K

Theorem (Kolmogorov, 1925).

If A is provable in CL then A% is provable in IL
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Translations of CL into IL (negative translations)

Definition (Kolmogorov, 1925).

The Kolmogorov translation (outer presentation) is inductively defined as:

(A ® B)* := ==(A% @ BX) (P)Ko ;= =

(A & B)%o := =—(A% & BX) (VxA)Ko := = -VxAK
(A @ B := =A% @ BX) (AxA)Ko := ~=3xAK
(A — B)fo := ==(A% — BXo) (1A .= 214K

Theorem (Kolmogorov, 1925).

If A is provable in CL then A% is provable in IL

Q (P®Q—o !R)KOE —|—|(—|—|(—|—|P®—|—|Q) —o0 —|—|!—|—|R)
Q (VxP—o HXQ)KOE —|—|(—|—|Vx—|—|P—o —|—|3x—|—|Q)
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Simplifying the Kolmogorov translation

(P® Q —O0 !R)KO — —|—|(—|—|(—|—|P® _I_IQ) —O0 _I_I!_I_IR)
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Simplifying the Kolmogorov translation

(P® Q —O0 !R)KO — —|—|(—|—|(—|—|P® _I_IQ) —O0 _I_I!_I_IR)
{ simplifying from inside’

_I_I(_I_I(P® Q) —O0 _I_I!_I_IR)
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Simplifying the Kolmogorov translation

(P® Q —O0 'R KO — —|—|(—|—|(—|—|P® _I_IQ) —O0 _I_I!_I_IR)
{ simplifying from inside’
—|—|(—|—|(P® Q) —O0 —|—|!—|—|R)

{ simplifying ‘from inside’
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Simplifying the Kolmogorov translation

(P® Q —O0 'R KO — —|—|(—|—|(—|—|P® _I_IQ) —O0 _I_I!_I_IR)
{ simplifying from inside’
{ simplifying ‘from inside’

{ simplifying ‘from inside’

22(P® Q — IR) (PQ® Q — IR)™
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Simplifying the Kolmogorov translation

(P® Q —O0 !R)KO — _I_I(_I_I(_I_IP® _I_IQ) —O0 _I_I!_I_IR)
{ simplifying from inside’
{ simplifying ‘from inside’

{ simplifying ‘from inside’

22(P® Q — IR) (PQ® Q — IR)™

Kuroda translation



Modular Proof Translations IV ECUMENICAL

Simplifying the Kolmogorov translation

(P 0 Q —0 'R)KO = ﬂﬂ(ﬂﬂ(ﬂﬂP@ —|—|Q) —0 _I_I!_I_IR)
{ simplifying ‘from inside’
{ simplifying ‘from inside’

valid in IL but : e e C o1,
simplifying ‘from inside
not in ILL ﬁ pitying

(P ® Q — IR) (PQ® Q — IR)™

Kuroda translation
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Translations of IL into ILL (Girard translations)

Definition (Girard, 1987).

The Girard ‘full’ translation (outer presentation) is defined as:
(AQ B)Y :=1(AY @ BY) (P) .= 1P
(A& B)Y := (AY & BY) (VxA)Y := IVxAY
(A® BY := (A% @ BY) (IxA)Y .= 13xAY
(A - B)Y :=1(AY — BY) (1A = 11AY

Theorem (Girard, 1987).

If A is provable in IL then A Y is provable in ILL
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Translations of IL into ILL (Girard translations)

Definition (Girard, 1987).

The Girard ‘full’ translation (outer presentation) is defined as:

(AQ B)Y :=1(AY ® BY) (P) .= 1P
(A& B)Y := (AY & BY) (VxA)Y := IVxAY
(A® BY :=1(AY @ BY) (IxA)Y .= 13xAY
(A - B)Y := (AY — BY) (1A .= 11AY

Theorem (Girard, 1987).

If A is provable in IL then A Y is provable in ILL

Examples.

@ (P& QO — IR)Y = 1(1(!1P&!Q) — !'R)
@ (VxP — AxQ)Y = 1(!Vx!P — 13x!0)

=
o
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Simplitying Girard’s ‘full’ translation

(P& O — 'R = 1(1(1P&!Q) — !R)
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Simplitying Girard’s ‘full’ translation

(P& O — 'R = 1(1(1P&!Q) — !R)
{ simplifying from inside’

I(/(P & Q) — !!R)
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Simplitying Girard’s ‘full’ translation

(P& O — 'R = 1(1(1P&!Q) — !R)
{ simplifying ‘from inside’
I(I(P & Q) — !!R)
{ simplifying from inside’

I(/(P & Q) — !'R)
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Simplitying Girard’s ‘full’ translation

(P& O — 'R = 1(1(1P&!Q) — !R)
{ simplifying ‘from inside’
I(I(P & Q) — !!R)
{ simplifying from inside’
I(I(P & Q) — !R)
{ simplifying ‘from inside’

1(/(P & Q) — 'R)

(P& Q — IR)’
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Simplitying Girard’s ‘full’ translation

(P& QO — 'R = 1(1(1P&!Q) — !!R)
§ simplifying ‘from inside
I((P & Q) — !!R)
§ simplifying from inside
I((P & Q) — !'R)
¢ simplifying from inside
(/P& Q) = 'R) = (P& Q — 'R)

call-by-name translation
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Kolmogorov translation (linear)

(P® Q —O0 !R)KO — —|—|(—|—|(—|—|P® _I_IQ) —O0 _I_I!_I_IR)
{ simplifying from inside’
{ simplifying ‘from inside’

{ simplifying ‘from inside’

- (P® O — =1!R) (P® O — IR)M
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Kolmogorov translation (linear)

(P® Q — IR = 2(2=(2~P ® Q) — ~~l==R)
{ simplifying ‘from inside’
A (2 (P ® Q) = 7 =1~R)
{ simplifying ‘from inside’

need to ‘leave

double ﬁ
negation at
conclusion

simplifying ‘from inside’
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Kolmogorov translation (linear)

(P® Q — IR = 2(2=(2~P ® Q) — ~~l==R)
{ simplifying ‘from inside’
A (2 (P ® Q) = 7 =1~R)
{ simplifying ‘from inside’

need to ‘leave

double @
negation at
conclusion

simplifying ‘from inside’

Kuroda translation
(linear)
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Girard translations

‘ T ~ L ~
Classical contraction > Classical

Linear Logic A —o A Logic
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Intuitionistic contraction > Intuitionistic

Linear Logic A —olA Logic

‘ ~ - L. - .
Girard translations
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Remarks on Algebraic Semantics

@ pocrims (partially ordered, commutative, integral,

residuated monoids) are algebraic models of ILL

@ Elements A such that == A = A are called regular

@ In involutive pocrims all elements are regular (classical)
@ Given any pocrim, we can define two involutive pocrims:

@ Involutive core: sub-algebra of regular elements

Godel-Gentzen translation

@ Involutive replica: quotient algebra of regular elements

Kuroda translation

Double Negation Semantics for Generalisations of Heyting Algebras
Rob Arthan and Paulo Oliva
Studia Logica, vol 109, pages 341-365, 2021
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DEFINITION 2.9. Given a bounded pocrim P we define the following struc-
tures over the signature of a bounded pocrim:

e PC, the involutive core of P, is (P¢, T, L,?,5) where P¢ = 3(6) C P,
where T and L are as in P and where * and = are defined as follows:
'y = 0(z-y)
Ty = T—Y
We write .: P¢ — P for the inclusion.

e P the involutive replica of P is (PR, [T],[L],7,=) where P is the
quotient P/0 of P by the equivalence relation defined by x 0 y iff é(x) =

6(y) and where, writing [x] for the equivalence class in P of x € P, we
define © and = as follows:

] ly] = [z-y]
[z] =>[y] = [z—=4d(y)]

We write m: P — PE for the projection.

Double Negation Semantics for Generalisations of Heyting Algebras
Rob Arthan and Paulo Oliva

Studia Logica, vol 109, pages 341-365, 2021
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summary

@ Four logics (CL, IL, ILL and CLL) as extensions of ILL
@ AddDNE (——A — A)and/or PRO (A — A)

@ Full translations add —— or ! ‘everywhere’

@ Logical equivalences allow us to simplify systematically
‘from inside’ or ‘from outside’ (maintain modularity)

@ Kuroda is a simplification of Kolmogorov ‘from inside’
whereas Godel-Gentzen is a simplification ‘from outside’

@ Girard ‘call-by-name’ translation is a simplification from
inside of full translation, while ‘call-by-value’ translation

is a simplification ‘from outside’



Modular Proof Translations IV ECUMENICAL

& G.Ferreira, P. Oliva and C. L. Protin
On the various translations between classical, intuitionistic and linear logic

& G.Ferreiraand P. Oliva
On the relation between various negative translations

& G. Ferreira and P. Oliva
On various negative translations

& S.Kuroda
Intuitionistische untersuchungen der formalistischen logik

& K.Godel
Zur intuitionistischen arithmetik und zahlentheorie

& A.N.Kolmogorov
On the principle of the excluded middle (in Russian)



