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Intuitionistic Linear Logic 
(as basis system)
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Intuitionistic Linear Logic
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Intuitionistic Linear Logic

To ILL we will consider adding the following axiom schema:
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Some Theorems of ILL
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Simplifying Proof Translations
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Translations of CL into IL (negative translations)

The Kolmogorov translation (outer presentation) is inductively defined as: 

                

(A ⊗ B)Ko :≡ ¬¬(AKo ⊗ BKo)
(A & B)Ko :≡ ¬¬(AKo & BKo)
(A ⊕ B)Ko :≡ ¬¬(AKo ⊕ BKo)
(A ⊸ B)Ko :≡ ¬¬(AKo ⊸ BKo)

(P)Ko :≡ ¬¬P
(∀xA)Ko :≡ ¬¬∀xAKo

(∃xA)Ko :≡ ¬¬∃xAKo

(!A)Ko :≡ ¬¬!AKo

Definition (Kolmogorov, 1925).

If  is provable in CL then  is provable in ILA AKo

Theorem (Kolmogorov, 1925).
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Translations of CL into IL (negative translations)

The Kolmogorov translation (outer presentation) is inductively defined as: 

                

(A ⊗ B)Ko :≡ ¬¬(AKo ⊗ BKo)
(A & B)Ko :≡ ¬¬(AKo & BKo)
(A ⊕ B)Ko :≡ ¬¬(AKo ⊕ BKo)
(A ⊸ B)Ko :≡ ¬¬(AKo ⊸ BKo)

(P)Ko :≡ ¬¬P
(∀xA)Ko :≡ ¬¬∀xAKo

(∃xA)Ko :≡ ¬¬∃xAKo

(!A)Ko :≡ ¬¬!AKo

Definition (Kolmogorov, 1925).

 (P ⊗ Q ⊸ !R)Ko ≡ ¬¬(¬¬(¬¬P ⊗ ¬¬Q) ⊸ ¬¬!¬¬R)
(∀xP ⊸ ∃xQ)Ko ≡ ¬¬(¬¬∀x ¬¬P ⊸ ¬¬∃x ¬¬Q)

Examples.

If  is provable in CL then  is provable in ILA AKo

Theorem (Kolmogorov, 1925).
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Simplifying the Kolmogorov translation

(P ⊗ Q ⊸ !R)Ko ≡ ¬¬(¬¬(¬¬P ⊗ ¬¬Q) ⊸ ¬¬!¬¬R)
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Simplifying the Kolmogorov translation

(P ⊗ Q ⊸ !R)Ko ≡ ¬¬(¬¬(¬¬P ⊗ ¬¬Q) ⊸ ¬¬!¬¬R)

⇔

¬¬(¬¬(P ⊗ Q) ⊸ ¬¬!¬¬R)

simplifying ‘from inside’
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Simplifying the Kolmogorov translation

(P ⊗ Q ⊸ !R)Ko ≡ ¬¬(¬¬(¬¬P ⊗ ¬¬Q) ⊸ ¬¬!¬¬R)

⇔

¬¬(¬¬(P ⊗ Q) ⊸ ¬¬!¬¬R)

simplifying ‘from inside’

⇔
¬¬(¬¬(P ⊗ Q) ⊸ ¬¬!R)
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⇔
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simplifying ‘from inside’valid in IL but 
not in ILL

Kuroda translation
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Translations of IL into ILL (Girard translations)

The Girard ‘full’ translation (outer presentation) is defined as: 

                

(A ⊗ B)Gf :≡ !(AGf ⊗ BGf )
(A & B)Gf :≡ !(AGf & BGf )
(A ⊕ B)Gf :≡ !(AGf ⊕ BGf )
(A ⊸ B)Gf :≡ !(AGf ⊸ BGf )

(P)Gf :≡ !P
(∀xA)Gf :≡ !∀xAGf

(∃xA)Gf :≡ !∃xAGf

(!A)Gf :≡ !!AGf

Definition (Girard, 1987).

If  is provable in IL then  is provable in ILLA AGf

Theorem (Girard, 1987).
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Translations of IL into ILL (Girard translations)

The Girard ‘full’ translation (outer presentation) is defined as: 

                

(A ⊗ B)Gf :≡ !(AGf ⊗ BGf )
(A & B)Gf :≡ !(AGf & BGf )
(A ⊕ B)Gf :≡ !(AGf ⊕ BGf )
(A ⊸ B)Gf :≡ !(AGf ⊸ BGf )

(P)Gf :≡ !P
(∀xA)Gf :≡ !∀xAGf

(∃xA)Gf :≡ !∃xAGf

(!A)Gf :≡ !!AGf

Definition (Girard, 1987).

 (P & Q ⊸ !R)Gf ≡ !(!(!P&!Q) ⊸ !!!R)
(∀xP ⊸ ∃xQ)Gf ≡ !(!∀x!P ⊸ !∃x!Q)

Examples.

If  is provable in IL then  is provable in ILLA AGf

Theorem (Girard, 1987).
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Simplifying Girard’s ‘full’ translation

(P & Q ⊸ !R)Gf ≡ !(!(!P&!Q) ⊸ !!!R)
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Simplifying Girard’s ‘full’ translation
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⇔

!(!(P & Q) ⊸ !!!R)

simplifying ‘from inside’
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Kolmogorov translation (linear)
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Remarks on Algebraic Semantics
pocrims (partially ordered, commutative, integral, 

residuated monoids) are algebraic models of ILL 

Elements  such that  are called regular 

In involutive pocrims all elements are regular (classical) 

Given any pocrim, we can define two involutive pocrims: 

Involutive core: sub-algebra of regular elements 

Gödel-Gentzen translation 

Involutive replica: quotient algebra of regular elements  

Kuroda translation

A ¬¬A = A
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Summary

Four logics (CL, IL, ILL and CLL) as extensions of ILL 

Add DNE ( ) and/or PRO ( ) 

Full translations add  or  ‘everywhere’ 

Logical equivalences allow us to simplify systematically 

‘from inside’ or ‘from outside’ (maintain modularity)  

Kuroda is a simplification of Kolmogorov ‘from inside’ 

whereas Gödel-Gentzen is a simplification ‘from outside’ 

Girard ‘call-by-name’ translation is a simplification from 

inside of full translation, while ‘call-by-value’ translation 

is a simplification ‘from outside’

¬¬A ⊸ A A ⊸ !A

¬¬ !
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