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The Newton-Raphson Method
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x0

xn+1 = xn −
f(xn)
f′￼(xn)

x1

f(x0)
f′￼(x0)
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Stochastic Case

4

x0xn+1 = xn −
f(xn)
f′￼(xn)

x1

f(x0)
f′￼(x0)

f(x) = 𝔼(Yx)

f(x), f′￼(x) = unknown
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•  

• A stage , give sample of patients dose  

• Observe outcome  

• Update  

M(x) = 𝔼(Yx)

n xn

yn = Yxn
∈ [0,1]

xn+1 = xn + an(0.5 − yn)

M(x)

α

θ

• drug dose  (response ) 

•  

• dose with  success 

•

x = {0,1}

α = 0.5

θ = 50 %

Yx ∈ [0,1]



Convergence of 
Random Variables
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A sequence of reals  is said to converge to  if 

                                                     

More explicitly 

                                   

(xn)n∈ℕ x

lim
n→∞

|xn − x | = 0

∀ε > 0∃n∀i ≥ n ( |xi − x | < ε)
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• For a sequence of random variables  we have a few options:(Xn)n∈ℕ

8

convergence in 
probability

(2) ∀ε > 0( lim
n→∞

ℙ( |Xn − X | ≤ ε) = 1)

(3) ℙ( lim
n→∞

Xn = X) = 1 almost sure 
convergence

(4) lim
n→∞

𝔼( |Xn − X |r ) = 0 convergence  
in the -meanr

convergence in 
distribution

(1) ∀x ( lim
n→∞

|ℙ(Xn ≤ x) − ℙ(X ≤ x) | = 0)

Fatou

easy

Markov



Robbins-Monro 1951 
Seminal Paper
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Robbins-Monro (1951) Stochastic Approximation Algorithm 

 

Robbins-Monro (1951):  
 converges ( -mean) to (unique) solution  

Assumes: 
• ,  ,   

•  bounded w. p. 1 

• function  
- non-decreasing 

-  unique solution for  
- derivative at solution is positive

Xn+1 = Xn + an(α − Yn)

Xn 2 θ

an → 0 Σ an = ∞ Σ a2
n < ∞

Yx

M(x) = 𝔼(Yx)

θ M(x) = α
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•  random variable parametrised by  

•  the probability of  for given  

• Can only observe  via sampling 

•  

• Problem:  
Find  such that 

Yx x

ℙ(Yx) Yx x

ℙ(Yx)

M(x) = 𝔼(Yx)

θ M(θ) = α
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Generalising…
•  random variable parametrised by  

•  the probability of  for given  

• Can only observe  via sampling 

• , for some  

• Problem:  
Find  such that 

Yx x

ℙ(Yx) Yx x

ℙ(Yx)

M(x) = 𝔼(g(Yx, x)) g(y, x)

θ M(θ) = 0
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Stochastic Approximation Algorithm 

Xn+1 = Xn + ang(yn, xn)

Robbins-Monro: 

g(y, x) = α − y

Law of large numbers: 

 and  independent of g(y, x) = y − x Y x

Banach fixed-point theorem: 

 and g(y, x) = y − x Yx = ϕ(x)
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Kolmogorov Strong Law of Large Numbers 

 a r. v. (independent of )       

Problem: Find  s.t.  

Instance: 

 

 

(given samples ) 

SLLN:  converges to  a.s.

Y x

x 𝔼(Y) = x

g(y, x) = y − x
xn+1 = xn + (yn − xn)/(n + 1)

y0, y1, …

(xn) 𝔼(Y)
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Generalising…
•  random variable parametrised by  

•  the probability of  for given  

• Can only observe  via sampling 

• , for some  

• Problem:  
Find  such that 

Yx x

ℙ(Yx) Yx x

ℙ(Yx)

M(x) = 𝔼(g(Yx, x)) g(y, x)

θ M(θ) = 0
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Banach Fixed-Point Theorem 

Contraction mapping  

Problem: Find  s.t.  

Instance: 

        

 

 

BFT:  converges to f.p. of 

ϕ : ℝ → ℝ

x ϕ(x) = x

Yx = ϕ(x)
g(y, x) = y − x

xn+1 = xn + (ϕ(xn) − xn)/(n + 1)

(xn) ϕ
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Generalising…
•  random variable parametrised by  

•  the probability of  for given  

• Can only observe  via sampling 

• , for some  

• Problem:  
Find  such that 

Yx x

ℙ(Yx) Yx x

ℙ(Yx)

M(x) = 𝔼(g(Yx, x)) g(y, x)

θ M(θ) = 0



Dvoretzky’s 
Generalisation
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M(x)

α

θ
M(x) − α

θ

M(x − θ) − α
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xn+1 = xn + an(α − yn) Robbins-Monro iteration

xn+1 = xn + anyn w.l.g. we can assume α = 0

xn+1 = xn + anyn + an𝔼(Yxn
) − an𝔼(Yxn

) add and remove an𝔼(Yxn
)

xn+1 = xn − an𝔼(Yxn
) + an(yn − 𝔼(Yxn

)) rearrange

“drift” 
deterministic

“noise” 
 on average0



Dvoretzky (1956)
Assumptions: 

 

 (dependent on history of ) 

• , w. p. 1 

•  

There exists  (can assume ) such that 

 

 such that 

,   ,   

Tn : ℝn → ℝ

Y1, Y2, … x1, x2, …

𝔼[Yn |X1, …, Xn] = 0

Σ 𝔼[Y2
n] < ∞

θ θ = 0

|Tn( ⃗x) − θ | ≤ max(αn, (1 + βn) |xn − θ | − γn)

αn, βn, γn ∈ ℝ+

αn → 0 Σ βn < ∞ Σ γn = ∞

Result: 
The iteration 

        

converges a.s. to 

xn+1 = Tn(x1, …, xn) + Yn

θ

• Vast generalisation of Robbins-
Monro and other results 

• Iteration has two parts: 

- Deterministic part which is 
assume to converge to solution 

- Stochastic part with expected 
value of zero and bounded 
variance noise terms

deterministic
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Dvoretzky    Robbins-Monro⇒

xn+1 = xn + anZxn

Tn(x1, …, xn) = xn + an𝔼(Zxn
)

Yn(x1, …, xn) = an(Zxn
− 𝔼(Zxn

))

(Robbins-Monro)

xn+1 = Tn(x1, …, xn) + Yn(x1, …, xn)(Dvoretzky)
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Derman-Sacks Proof (1959)
• Borel-Cantelli lemma (1st) 

• Chebyshev inequality 

• Abel’s test 

• Slowdown lemma 

• Kolmogorov inequality* 

• Variance lemma* 

• “Lemma 1” about  converging and diverging sequences and seriesℝ

20

Σ ℙ(Xn) < ∞ ⇒ ℙ(Xn i . o.) = 0

ℙ( max
1≤k≤n

|X1 + … + Xk | ≥ λ) ≤ 1/λ2Var(X1 + … + Xn)

ℙ( |X − μ | ≥ kσ) ≤ 1/k2

Σ an conv ∧ bn mon . and bounded ⇒ Σ anbn conv

Σ an conv ⇒ ∃bn(bn → 0 ∧ Σ an/bn conv)

Σ 𝔼 X2
n < ∞ ⇒ Σ Xn a . s .

Xn indep .*



Stochastic Approximation 
(and Stochastic Gradient Descent)
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M(x) = 𝔼(g(Yx, x))

x

Stochastic Approximation Methods

 

given samples  of 

xn+1 = xn + ang(yn, xn)

y0, y1, … Yx1
, Yx2

, …

convergence of  to rootxn

22

•  random variable parametrised by  

•  the probability of  for given  

• Can only observe  via sampling 

•  a given function 

•  

• Problem:  
Find  such that 

Yx x

ℙ(Yx) Yx x

ℙ(Yx)

g(y, x)

M(x) = 𝔼(g(Yx, x))

x M(θ) = 0
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Stochastic Gradient Descent 

loss function ,  model param,  training data 

Problem: Find  s.t.  is minimal 

 

Training set:  (samples of ) 

 

(  learning rate) 

SGD:  converges to critical point of loss function

L(y, x) x y

x 𝔼(L(Yx, x))

g(y, x) = − ∇xL(y, x)

y1, y2, … Yx

xn+1 = xn + ang(yn, xn)

an

(xn)

23

NN

weights x

training data y = (yin, yout)

loss  
L(y, x)



Quantitative Results
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Qualitative vs Quantitative
• Qualitative (a.s.) convergence results say that with probability  the random 

variables  converge to some solution : 
                                                         

• Quantitative (a.s.) convergence results produce a rate of a.s. convergence : 
Given : 

                                             

1
Xn θ

ℙ( lim
n→∞

Xn = θ) = 1

Φ
ε, λ > 0

ℙ ⋂
n≥Φ(ε,λ)

|Xn − θ | < ε > 1 − λ

25



Stochastic Approximation 
(1960 to 2026)
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ODE Approach to SA (1970s)
• When we discretize (with step size ) an ordinary differential equation 

                                          

we get 

                                                

• SA behaves like a noisy, time-rescaled discretization of the ODE 

• As  the trajectory of  tracks the solution of  

an

( † ) ·x(t) = h(x(t))

xn+1 ≃ xn + anh(xn)

an → 0 xn ( † )

27
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“Adaptive” Algorithms (1980s)
• Consider the iteration 

                                                

but focus on convergence of the averages (Polyak–Ruppert) 

                                                   

• Even with suboptimal step sizes  the sequence  achieves “optimal 

asymptotic covariance convergence” 

• “Tail averaging” in practice (PyTorch and TensorFlow)

xn+1 ≃ xn + anh(xn)

xn =
1
n

n

∑
i=1

xi

an xn

28
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RL as SA with Markovian Noise (1990s)
•  are states,  are actions,  are rewards, and policy  

• In reinforcement learning (RL) data comes from a Markov process: 

                                               

and goal is to maximise expected cumulative reward  

• Can only sample and approximate goal estimation 

• Reinforcement learning algorithms are stochastic approximation with 
Markovian noise rather than i.i.d. noise

s ∈ S a ∈ A r ∈ ℝ π

sn → sn+1 → sn+2 → …

29



The End
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Stochastic Approximation Methods
• Iterated procedures used to approximate a target value when target is 

unknown and observations are corrupted by noise 

• Introduced by Robbins-Monro (1951) 

• Robbins-Monro algorithms generalised by Dvoretzky (1956) 

• Generalisation of (deterministic) approximation methods  

• Stochastic gradient descent (in Machine Learning) is based on Stochastic 
Approximation Theory

31
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xn+1 = xn −
f(xn)
f′￼(xn)

{

correction term
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xn+1 = xn − anyn

{

correction term

approximation 
of  f(xn)

… instead of 
1/f′￼(xn)


