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Historical perspetive

1956 - Gödel’s Dialectica interpretation of arithmetic in system T 

1962 - Spector extends T with bar recursion (BR) to interpret analysis 

1971 - Scarpellini model of BR via continuous functionals 

1985 - Bezem model  of BR via majorizable functionals 

1990 - Berger BR-like algorithm for calculating FAN functional 

1990s - BR and model  crucial for Kohlenbach’s proof mining 

1998 - Berardi, Bezem and Coquand novel BR for realizability 

2005 - Berger/O. modified bar recursion (MBR) 

2010 - Escardo/O. bar recursion and higher-order games strategies  

2017 - Escardo/O. monadic BR and the Herbrand interpretation 

ℳ

ℳ
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Quantifier elimination

Suppose we had -terms for every 

unary quantifier-free formula , i.e.

εA(x)

A(x)

∃x A(x) ⇔ A(εA(x))

We can then define  soδA(y) := ε¬A(y)

∀y A(y) ⇔ A(δA(y))

We can iterate these to reduce every 

formula to a quantifier-free formula.

Consider the formula ∃x∀y A(x, y)

Indeed:

∀y A(y) ⇔ ¬∃y¬A(y)
⇔ ¬¬A(ε¬A(y))
⇔ ¬¬A(δA(y))
⇔ A(δA(y))

Define  sob(x) := δA(x,y)

∃x∀yA(x, y) ⇔ ∃xA(x, b(x))

Define  soa := εA(x,b(x))

∃xA(x, b(x)) ⇔ A(a, b(a))

Hence

∃x∀yA(x, y) ⇔ A(a, b(a))
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Quantifier elimination

∃x∀y A(x, y)

(1) define b(x) := δA(x,y)

(2) define a := εA(x,b(x))

A(a, b(a))

(3) consider (a, b(a))
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min-max elimination

Suppose we can calculate  of 
any function , i.e.

arg min
f : X → ℝ

min
x : X

f(x) = f(arg min
x : X

( f(x)))

We can iterate these to calculate the 
min-max of any F : X × Y → ℝ

Define  sob(x) := arg max
y : Y

F(x, y)

min
x : X

max
y : Y

F(x, y) = min
x : X

F(x, b(x))

Define  soa := arg min
x : X

F(x, b(x))

min
x : X

F(x, b(x)) = F(a, b(a))
Suppose we can also calculate the 

 of any , i.e.arg max g : Y → ℝ

max
y : Y

g(y) = g(arg max
y : Y

(g(y)))

Hence

min
x : X

max
y : Y

F(x, y) = F(a, b(a))

f(x)

min f
arg min f
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min-max elimination

min
x : X

max
y : Y

F(x, y)

(1) define b(x) := arg max
y : Y

F(x, y)

(2) define a := arg min
x : X

F(x, b(x))

F(a, b(a))

(3) consider (a, b(a))
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Bekić lemma

Suppose we have a fixed point operator 
 for , i.e. for any fixX X f : X → X

fixX( f ) = f(fixX( f ))

We can combine these to obtain fixed 
points for F : X × Y → X × Y

Define  sob(x) := fixY(λy . πY(F(x, y)))

b(x) = πY(F(x, b(x)))

Define  soa := fixX(λx . πX(F(x, b(x)))

a = πX(F(a, b(a)))

Hence .(a, b(a)) = F(a, b(a))

Suppose we also have a fixed point 
operator  for , i.e. given fixY Y g : Y → Y

fixY(g) = g(fixY(g))

Assume projections  

and  

πX : X × Y → X
πY : X × Y → Y

And, by property of ,b(x)

b(a) = πY(F(a, b(a)))
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fixX×Y(F)

(1) define b(x) := fixY(λy . πY(F(x, y)))

(2) define a := fixX(λx . πX(F(x, b(x)))

F(a, b(a)) = (a, b(a))

(3) consider (a, b(a))

Bekić lemma
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Agenda

Part I: The binary product of selection functions 
(Selection functions and quantifiers) 

Part II: The finite product of selection functions 
(Higher-order sequential games) 

Part III: The infinite product of selection functions 
(Spector’s and modified bar recursion) 

Part IV: The selection monad transformer 
(Turbo-charged bar recursion)
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Quantifiers and selection functions

We call functionals of the form 

 

-valued quantifiers, or simply quantifiers 

These generalise 

        and        

We call functionals of the form 

 

-valued selection functions, or simply selection functions 

These generalise 

        and       

φ : (X → R) → R

R

∃, ∀ : (X → 𝔹) → 𝔹 min , max : (X → ℝ) → ℝ

ε : (X → R) → X

R

ε, δ : (X → 𝔹) → X arg min , arg max : (X → ℝ) → X

Definition (Escardó/O.’2010).
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Product of quantifiers

Given quantifiers  and , define 

 

as follows 

 

We call this construction the binary product of quantifiers

φ : (X → R) → R ψ : (Y → R) → R

φ ⊗ ψ : (X × Y → R) → R

(φ ⊗ ψ)(q) := φ(λx . ψ(λy . q(x, y))

Definition (Escardó/O.’2010).

 

 and  

Given a formula  

R = 𝔹
φ = ∃(X→𝔹)→𝔹 ψ = ∀(Y→𝔹)→𝔹

q(x, y)
(φ ⊗ ψ)(q) = ∃x∀y q(x, y)

Examples.

 

 and  

Given a function  

R = ℝ
φ = min (X→ℝ)→ℝ ψ = max (X→ℝ)→ℝ

q(x, y)
(φ ⊗ ψ)(q) = minx maxy q(x, y)
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Product of selection functions

Given selection functions  and , define 

 

as follows 

 

where  

 

We call this construction the binary product of selection functions

ε : (X → R) → X δ : (Y → R) → Y

ε ⊗ δ : (X × Y → R) → X × Y

(ε ⊗ δ)(q) := (a, b(a))

b(x) := δ(λy . q(x, y))
a := ε(λx . q(x, b(x))

Definition (Escardó/O.’2010).

This is the essential combinatorial construction behind the three examples at the start of 
the talk (Hilbert’s -terms,  and , and fixed point operators)ε arg min arg min
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Attainability

We say that a quantifier  is attainable if for some selection function  

 we have 

 

for all 

φ : (X → R) → R
ε : (X → R) → X

φ(p) = p(ε(p))
p : X → R

Definition (Escardó/O.’2010).

 attains  

 attains  

 attains itself

ε : (X → 𝔹) → X ∃ : (X → 𝔹) → 𝔹
arg min : (X → ℝ) → X min : (X → ℝ) → ℝ
fixX : (X → X) → X

Examples.

 

 

∃x p(x) = p(ε(p))
min(p) = p(arg min(p))
fix(p) = p(fix(p))
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Main lemma

Suppose 

(1)  attains   

(2)  attains   

Then  attains  

ε : (X → R) → X φ : (X → R) → R

δ : (Y → R) → Y ψ : (Y → R) → R

ε ⊗ δ : (X × Y → R) → X × Y φ ⊗ ψ : (X × Y → R) → R

Lemma (Escardó/O.’2010).

 

    where   and   

(φ ⊗ ψ)(q) ≡ φ(λx . ψ(λy . q(x, y))) (def)

= φ(λx . q(x, b(x))) (2)
= q(a, b(a)) (1)
≡ q((ε ⊗ δ)(q)) (def)

b(x) = δ(λy . q(x, y)) a = ε(λx . q(x, b(x))

Proof.
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From selection functions to quantifiers

This mapping from selection functions to quantifiers commutes with the 
corresponding products 

 

for  and 

ε ⊗ δ = ε ⊗ δ

ε : (X → R) → X δ : (Y → R) → Y

Lemma (Escardó/O.’2010).

Every selection function   gives rise to a quantifier, which we shall 

denote by  as 

 

So, one can say that selection functions carry more information than quantifiers

ε : (X → R) → X
ε : (X → R) → R

ε(p) := p(ε(p))

Definition (Escardó/O.’2010).
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A tale of two monads…

JRX = (X → R) → X

selection monad

KRX = (X → R) → R

continuation monad

ηJ
X : X → JRX

βJ
X,Y : JRX → (X → JRY ) → JRY

⊗J
X,Y : JRX × JRY → JR(X × Y )

ηK
X : X → KRX

βK
X,Y : KRX → (X → KRY ) → KRY

⊗K
X,Y : KRX × KRY → KR(X × Y )

Mapping  is a monad morphism( ⋅ ) : JRX → KRX

Lemma (Escardó/O.’2010).
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In Haskell…{- Continuation monad -} 

newtype K r x = K {quant :: (x -> r) -> r} 

instance Functor (K r) where 
    fmap = liftM 

instance Applicative (K r) where 
    pure x = K (\k -> k x) 
    (<*>) = ap 

instance Monad (K r) where 
    return = pure 
    phi >>= f = K (\p -> quant phi (\gamma -> quant (f gamma) p))

Continuation 
monad

{- Selection monad -} 

newtype J r x = J {selection :: (x -> r) -> x} 

instance Functor (J r) where 
   fmap = liftM 

instance Applicative (J r) where 
    pure x = J (\p -> x) 
    (<*>) = ap 

instance Monad (J r) where 
    return = pure     
    e >>= f = J (\p -> b p (a p)) 
        where 
            a p = selection e $ (\x -> p (b p x)) 
            b p x = selection (f x) p

Selection 
monad
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Realizability, Dialectica and selection functions

(classical) realizability of ¬¬ADialectica interpretation of ¬¬A

Assume  are realizers for , then, the 
classical realizability of  

R(y) ⊥

¬¬∃xX AN(x)
is:

∃φ∀p(∀x(AN(x) → R(p(x))) → R(φ(p)))

where

φ : (X → Y ) → Y

The Dialectica interpretation of  

¬¬∃xX ∀yY A(x, y)

is:

∃ε∀p A(ε(p), p(ε(p)))

where

ε : (X → Y ) → X

since we have efq : ⊥ → ∃xX AN(x)

efq ∘ φ : (X → Y ) → X
A selection function!
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Agenda

Part I: The binary product of selection functions 
(Selection functions and quantifiers) 

Part II: The finite product of selection functions 
(Higher-order sequential games) 

Part III: The infinite product of selection functions 
(Spector’s and modified bar recursion) 

Part IV: The selection monad transformer 
(Turbo-charged bar recursion)
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The finite product of selection functions

We can iterate the binary product of quantifiers and selection function to obtain finite 
products of these: 

Given quantifiers  , for , we can define 

                     

Given selection functions  , for , we can define 

                      

φi : (Xi → R) → R 0 ≤ i < n

(
n−1

⨂
i=0

φi) := φ0 ⊗ φ1 ⊗ … ⊗ φn−1 : (∏
i<n

Xi → R) → R

εi : (Xi → R) → Xi 0 ≤ i < n

(
n−1

⨂
i=0

εi) := ε0 ⊗ ε1 ⊗ … ⊗ εn−1 : (∏
i<n

Xi → R) → ∏
i<n

Xi

Definition (Escardó/O.’2010).

These finite products are equivalent to Gödel primitive recursion

Theorem (Escardó/Powell/O.’2011).
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Finite bar recursion

The product of quantifiers construction 

 

is equivalent to the following finite bar recursion construction 

 

where  and  is the infinite extension of the finite sequence 

 with some fixed constant value (e.g. )

(⨂
i<n

φi) : (∏
i<n

Xi → R) → R

fBR(φ, q, n, s) =R {
q( ̂s) if n < |s |
φ|s|(λx . fBR(φ, q, n, s * x)) if n ≥ |s |

q : ΠiXi → R ̂s : ΠiXi

s : Πi<nXi 0

Definition (Escardó/O.’2010).
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Finite bar recursion

The product of selection functions construction 

 

is equivalent to the following (special) finite bar recursion construction 

 

where  and 

(⨂
i<n

εi) : (∏
i<n

Xi → R) → ∏
i<n

Xi

sBR(ε, q, n, s) =ΠiXi { ̂s if n < |s |
sBR(φ, q, n, s * a) if n ≥ |s |

a =X|s|
ε|s|(q ∘ b) b(x) =ΠiXi

sBR(φ, q, n, s * x)

Definition (Escardó/O.’2010).
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q(x0, x1, …, xn−1)
xn−1x1

x2x0 …

φ0 φ1 …

A sequential higher-order game of -rounds is a tuple  where: 

 is the type of outcomes 

 is the type of moves at round  

 is the outcome function 

 are quantifiers describing the “goal” at round 

n (R, (Xi)i<n, q, (φi)i<n)

R

Xi i

q : Πi<nXi → R

φi : (Xi → R) → R i

Definition (Escardó/O.’2010).

Higher-order games
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 some choice of actions for player  

 the game’s payoff function ( -th player receives ) 

, maximising players (of type )

R = ℝn

Xi i

q( ⃗x) : ℝn i πi(q( ⃗x))

φi = maxi (Xi → ℝn) → ℝn

Example 1 (maximising n-players).

A sequential higher-order game of -rounds is a tuple  where: 

 is the type of outcomes 

 is the type of moves at round  

 is the outcome function 

 are quantifiers describing the “goal” at round 

n (R, (Xi)i<n, q, (φi)i<n)

R

Xi i

q : Πi<nXi → R

φi : (Xi → R) → R i

Definition (Escardó/O.’2010).

Higher-order games
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 some Boolean formula over  atomic propositions 

, existential quantifiers (of type )

R = 𝔹
Xi = 𝔹

q( ⃗x) : 𝔹 n

φi = ∃ (𝔹 → 𝔹) → 𝔹

Example 2 (SAT).

A sequential higher-order game of -rounds is a tuple  where: 

 is the type of outcomes 

 is the type of moves at round  

 is the outcome function 

 are quantifiers describing the “goal” at round 

n (R, (Xi)i<n, q, (φi)i<n)

R

Xi i

q : Πi<nXi → R

φi : (Xi → R) → R i

Definition (Escardó/O.’2010).

Higher-order games
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 — grid position 

 decides outcome of game 

 and 

R = {−1,0,1}
Xi = {1,…,9}

q( ⃗x)
φ2i = max φ2i+1 = min

Example 3 (tic-tac-toe).

A sequential higher-order game of -rounds is a tuple  where: 

 is the type of outcomes 

 is the type of moves at round  

 is the outcome function 

 are quantifiers describing the “goal” at round 

n (R, (Xi)i<n, q, (φi)i<n)

R

Xi i

q : Πi<nXi → R

φi : (Xi → R) → R i

Definition (Escardó/O.’2010).

Higher-order games
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Higher-order games

Given a higher-order game of -rounds  

 is the optimal outcome of the game 

A strategy  is optimal if for all  

                              

n (R, (Xi)i<n, q, (φi)i<n)

(⊗i<nφi)(q) : R

σi : Πj<iXj → Xi x1, …, xi−1

q(x1, …, xi−1, σ) = φi(λx′￼i . q(x1, …, xi−1, x′￼i, σ))

Definition (Escardó/O.’2010).

A sequential higher-order game of -rounds is a tuple  where: 

 is the type of outcomes 

 is the type of moves at round  

 is the outcome function 

 are quantifiers describing the “goal” at round 

n (R, (Xi)i<n, q, (φi)i<n)

R

Xi i

q : Πi<nXi → R

φi : (Xi → R) → R i

Definition (Escardó/O.’2010).
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Main result

Given a higher-order game of -rounds , if each game quantifier 

 

is attainable by a selection function 

 

then product of these selection functions calculates an optimal play in the game, i.e. 

 

and hence, can be used to define optimal (sub-game perfect) optimal strategies

n (R, (Xi)i<n, q, (φi)i<n)

φi : (Xi → R) → R

εi : (Xi → R) → Xi

(⨂εi)(q) = optimal play

Theorem (Escardó/O.’2010).

The product of selection functions generalises the “backward induction” algorithm from 
Game Theory (the particular case when  and )R = ℝn φi = maxi
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outcomesR

movesXi

q : ΠiXi → R outcome function

φi : (Xi → R) → R goal functions

(⨂φi)(q)

optimal outcome

(⨂εi)(q)

optimal strategy
εi : (Xi → R) → Xi selection functions

Higher-order games
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A SAT solver
ghci> :type sequence 
sequence :: (Monad m) => [m a] -> m [a]

{- Selection monad -} 
newtype J r x = J {selection :: (x -> r) -> x} 
   ... 

-- Selection function for predicates over one variable: 
one_choice :: J Bool Bool 
one_choice = J (\p -> p True) 

-- Selection function for predicates over n variables: 
n_choices :: Int -> J Bool [Bool] 
n_choices n = sequence (replicate n one_choice) 

-- Find a satisfying assignment for predicates with n variables: 
sat :: Int -> ([Bool] -> Bool) -> [Bool] 
sat n = (take n) . (selection (n_choices n))

sequence :: [J r a] -> J r [a]
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Quantifier elimination

∃x∀y A(x, y)

(1) define b(x) := δA(x,y)

(2) define a := εA(x,b(x))

A(a, b(a))

(3) consider (a, b(a))
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Product of selection functions

Given selection functions  and , define 

 

as follows 

 

where  

 

We call this construction the binary product of selection functions

ε : (X → R) → X δ : (Y → R) → Y

ε ⊗ δ : (X × Y → R) → X × Y

(ε ⊗ δ)(q) := (a, b(a))

b(x) := δ(λy . q(x, y))
a := ε(λx . q(x, b(x))

Definition (Escardó/O.’2010).

This is the essential combinatorial construction behind the three examples at the start of 
the talk (Hilbert’s -terms,  and , and fixed point operators)ε arg min arg min
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Infinite pigeonhole principle

 

Any colouring of  with  colours will use one of the colours infinitely often ℕ n

∀nℕ ∀f ℕ→[n] ∃c < n∀iℕ ∃j > i (c = f( j)))

Infinite pigeonhole principle (IPP).

The finite product of selection functions (finite BR) solves IPPND, namely 

c = f(max((⊗i<nεi)(max))

Theorem (O.’2006, Escardó/O’2010).

 

Given , colouring  and selection functions , for , find colour 

 and  such that 

nℕ f ℕ→[n] ε(ℕ→ℕ)→ℕ
i i < n

c < n pℕ→ℕ

p(εip) > εip and c = f(p(εip))

ND-interpretation of IPP.
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Binary, finite, infinite…

Given two selection functions  and  we have defined binary product:ε : JRX δ : JRY

ε ⊗ δ : JR(X × Y )

For every , given finite sequence  we have defined finite product:n : ℕ (εi)i<n : Πi<nJRXi

⨂
i<n

εi : JRΠi<nXi

Given infinite sequence  we now consider infinite product:(εi)i : ℕ : Πi : ℕ JRXi

⨂
i : ℕ

εi : JRΠi : ℕ Xi
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-- Calculate FAN functional 
-- Ulrich Berger (1990) 
fan :: ([Bool] -> Bool) -> Int 
fan q = go 0 
 where 
  go n | constant n q = n 
       | otherwise = go (n + 1) 

  constant :: Int -> ([Bool] -> Bool) -> Bool 
  constant n q = forevery (\xs ->  
                 forevery (\ys ->  
                   take n xs /= take n ys ||  
                   q xs == q ys))

modulus of uniform 
continuity for Cantor space

-- Existential quantifier for Cantor space 
forsome :: ([Bool] -> Bool) -> Bool 
forsome q = q (selection cantor_choice q) 

-- Universal quantification for Cantor space 
forevery :: ([Bool] -> Bool) -> Bool 
forevery q = not (forsome (not . q))

exists and forall quantifiers 
for Cantor space

-- Selection function for one variable: 
one_choice :: J Bool Bool 
one_choice = J (\p -> p True) 

-- Selection function for Cantor space: 
cantor_choice :: J Bool [Bool] 
cantor_choice = sequence (repeat one_choice)

selection function for 
Cantor space
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Spector 1962

 

LEM : ∀nℕ(An ∨ ¬An)
CA : ∃f ℕ→𝔹 ∀nℕ( f(n) ↔ An)

AC0 : ∀nℕ ∃xσ An(x) → ∃ασℕ ∀n An(αn)
DNS : ∀nℕ ¬¬An → ¬¬∀nℕAn

The Principles.

If  then     (negative translation) 

 

 

Bar recursion solves Dialectica interpretation of 

LEM ⊢ A ⊢ AN

LEM + AC0 ⊢ CA
DNS + ¬¬AC0 ⊢ (AC0)N

DNS

Theorem (Spector’62).
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Given  and  find  and  such that 

 

for .

ε(X→R)→X
n , ωXℕ→ℕ qXℕ→R αXℕ, nℕ pX→R

αn = εn(pn)
pn(αn) = q(α)

n ≤ ω(α)

Problem B (solution for B gives solution for A).

Functional (Dialectica) interpretation of 
 

∀nℕ ¬¬∃xX ∀yRAn(x, y) → ¬¬∃αXℕ ∀n, y An(αn, y)

Challenge.

Given  and  find  and  such that 

 

where .

ε(X→R)→X
n , ωXℕ→ℕ qXℕ→R αXℕ, nℕ pX→R

An(εn(p), p(εn(p))) → Am(αm, q(α))
m = ω(α)

Problem A (solves challenge).

local selections

global selection
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Define  as follows (  and ) 

 

where  and . 

Take  and , where . 

SBR(s) : Xℕ s : X* ̂s = s * 0...

SBR(s) = { ̂s if ω( ̂s) < |s |
SBR(s * a) if ω( ̂s) ≥ |s |

a =X ε|s|(q ∘ bs) bs(x) =ΠiXi
SBR(s * x)

α = SBR(⟨ ⟩) pn = q ∘ bα(n) α(n) = ⟨α0, α1, …, αn−1⟩

Solution for B (Spector bar recursion).

Given  and  find  and  such that 

 

for .

ε(X→R)→X
n , ωXℕ→ℕ qXℕ→R αXℕ, nℕ pX→R

αn = εn(pn)
pn(αn) = q(α)

n ≤ ω(α)

Problem B (solution for B gives solution for A).

Interpreting  (classically)AC0

iterated product of 
selection function
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Interpreting  (classically)AC0

If  then , for all       (hence ) 

If  and  then  

If  and  then      (hence )

α = SBR(⟨ ⟩) α = SBR(α(n)) n pn(αn) = q(α)

α = SBR(⟨ ⟩) n = ω(α) ω(α, n) ≥ n

α = SBR(⟨ ⟩) n = ω(α) αn = εn(q ∘ bα(n)) αn = εn(pn)

Main Lemmas (Spector’62).

Define  as follows (  and ) 

 

where  and . 

Take  and , where . 

SBR(s) : Xℕ s : X* ̂s = s * 0...

SBR(s) = { ̂s if ω( ̂s) < |s |
SBR(s * a) if ω( ̂s) ≥ |s |

a =X ε|s|(q ∘ bs) bs(x) =ΠiXi
SBR(s * x)

α = SBR(⟨ ⟩) pn = q ∘ bα(n) α(n) = ⟨α0, α1, …, αn−1⟩

Solution for B (Spector bar recursion).
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Different forms of BR

implicitly controlled 
product of selection 

functions

modified bar 
recursion

explicitly controlled 
product of quantifiers

explicitly controlled 
product of selection 

functions

Spector’s bar 
recursion

M. Escardó and P. Oliva, Bar recursion and the product of selection functions 
The Journal of Symbolic Logic, 80(1):1-28, 2015
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There are two main forms of (unbounded) bar recursion.  

Given selection functions 

 

Spector’s “explicitly controlled” bar recursion is defined as 

 

where  and  

And the modified “implicitly controlled” bar recursion 

 

where  and 

εs : (X|s| → R) → X|s|

q : ΠiXi → R
ω : ΠiXi → ℕ

SBR(s) = {0 if ω( ̂s) < |s |
a * SBR(s * a) if ω( ̂s) ≥ |s |

a =X ε|s|(q ∘ bs) bs(x) =ΠiXi
s * x * SBR(s * x)

MBR(s) = a * MBR(s * a)
a =X ε|s|(q ∘ bs) bs(x) =ΠiXi

s * x * MBR(s * x)

Theorem (Escardó/O.’2015).

type  needs to be 
discrete (e.g. )

R
ℕ
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The model ℳ

The full set-theoretic type structure  is NOT a model of T + BR 

The model  of strongly majorizable functionals is a model of T + BR

𝒮
ℳ

Theorem (Bezem’1985).

Define the strong majorizability relations for each type  inductively as: 

 

Then define: 

X
n ≤*ℕ m :≡ n ≤ m

f ≤*X→Y g :≡ ∀aX ∀x ≤*X a( fx ≤*Y ga ∧ gx ≤*Y ga)

ℳℕ :≡ ℕ
ℳX→Y :≡ {f : ℳX → ℳY : ∃gℳX→ℳY( f ≤*X→Y g)}

Model  construction.ℳ
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Agenda

Part I: The binary product of selection functions 
(Selection functions and quantifiers) 

Part II: The finite product of selection functions 
(Higher-order sequential games) 

Part III: The infinite product of selection functions 
(Spector’s and modified bar recursion) 

Part IV: The selection monad transformer 
(Turbo-charged bar recursion)
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ε : (X → R) → X

ϕ : (X → R) → R

ϕ(p) = p(ε(p))

quantifier

selection function

attainability  
(  attains )ε ϕ

Continuation and selection monads
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Selection monad transformer

ε : (X → R) → TX monadic selection

T : Type → Type strong monad

α : TR → R -algebraT

M. Escardó and P. Oliva 
The Herbrand functional interpretation of the double negation shift 
The Journal of Symbolic Logic, 82(2):590-607, 2017
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Generalised product of selection functions

For any strong monad  let      (free algebra case)  

 is also a strong monad. In particular, we also have 

. 

Given  and  and  let 

 
and 

 

where . Then  

 

where 

M JM
R X ≡ (X → MR) → MX

JM
R : Type → Type

⊗ : JM
R X × JM

R Y → JM
R (X × Y )

ε : JM
R X δ : JM

R Y q : X × Y → MR
b(xX) :=MY δ(λyY . q(x, y))

a :=MX ε(λx . q†(x, κ(x))
q† : X × MY → MR

(ε ⊗ δ)(q) =M(X×Y ) a ⊗M b†(a)
b† : MX → MY

Theorem (Escardó/O.’2017).
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Consider the finite powerset monad ( ) 

Selection functions then are “multi-valued” 

Before:  finds a good move given a game continuation (selection function) 

Now:  finds a set of moves containing a good move or all good moves

MX = X*

ε(X→R)→X
n

ε(X→R*)→X*
n

Game-theoretic interpretation.

For any strong monad  let   

 is also a strong monad. In particular, we also have 

.

M JM
R X ≡ (X → MR) → MX

JM
R : Type → Type

⊗ : JM
R X × JM

R Y → JM
R (X × Y )

Theorem (Escardó/O.’2017).

Generalised product of selection functions
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Premise:  finds a finite set of moves containing a good move for round n 

Conclusion:  is a finite set which contains good play

ε(X→R*)→X*
n

A

Game-theoretic interpretation.

Let formula  be given, anti-monotone in . 

Suppose  are such that, for all  and , 

. 

Then, given  and  find finite set  such that 

.

An(xX, yR*) yR*

ε(X→R*)→X*
n nℕ pX→R*

∃x ∈ εn(p) An(x, p(x))

ωXℕ→ℕ qXℕ→R* A ⊂ Xℕ

∃α ∈ A∀n ≤ ω(α) An(αn, q(α))

Problem D.

Herbrand interpretation of  AC0
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Let formula  be given, anti-monotone in . 

Suppose  are such that, for all  and , 

. 

Then, given  and  find finite set  such that 

.

An(xX, yR*) yR*

ε(X→R*)→X*
n nℕ pX→R*

∃x ∈ εn(p) An(x, p(x))

ωXℕ→ℕ qXℕ→R* A ⊂ Xℕ

∃α ∈ A∀n ≤ ω(α) An(αn, q(α))

Problem D.

Define  as follows (  and ) 

 

where  and .  Take .

B(s) ⊂ Xℕ s : X* ̂s = s * 0...

HBR(s) = {{ ̂s} if ω( ̂s) < |s |
∪a∈A HBR(s * a) if ω( ̂s) ≥ |s |

A =X* ε|s|(λx. ∪α∈bs(x) q(α)) bs(x) = HBR(s * x) A = HBR(⟨ ⟩)

Solution for D (bar recursion with finite sets).

Herbrand interpretation of  AC0
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Herbrand interpretation of  AC0

The above construction solves the Herbrand functional interpretation of  and 
hence  (classically).

DNS
AC0

Theorem (Escardó/O.’2017).

Define  as follows (  and ) 

 

where  and .  Take .

B(s) ⊂ Xℕ s : X* ̂s = s * 0...

HBR(s) = {{ ̂s} if ω( ̂s) < |s |
∪a∈A HBR(s * a) if ω( ̂s) ≥ |s |

A =X* ε|s|(λx. ∪α∈bs(x) q(α)) bs(x) = HBR(s * x) A = HBR(⟨ ⟩)

Solution for D (bar recursion with finite sets).
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Current work and open questions

Selection functions with powerset monad to calculate all 
optimal plays 

Selection functions with Giry (distribution) monad to model 
stochastic players 

Selection functions with “state” monad to implement alpha-
beta pruning of min-max search  

Question: Very few Proof Mining case studies has needed bar 
recursion. Why? (most mathematics seems very “tame”) 

Question: Girard/Krivine have interpreted analysis via 
polymorphism. Exact relation between BR and polymorphism?
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