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Historical perspetive

@ 1956 - Godel’s Dialectica interpretation of arithmetic in system T
@ 1962 - Spector extends T with bar recursion (BR) to interpret analysis

@ 1971 - Scarpellini model of BR via continuous functionals

@ 1985 - Bezem model .Z of BR via majorizable functionals

@ 1990 - Berger BR-like algorithm for calculating FAN functional

@ 1990s - BR and model .Z crucial for Kohlenbach’s proof mining
@ 1998 - Berardi, Bezem and Coquand novel BR for realizability
@ 2005 - Berger/O. modified bar recursion (MBR)

@ 2010 - Escardo/O. bar recursion and higher-order games strategies

@ 2017 - Escardo/O. monadic BR and the Herbrand interpretation



Quantifier elimination

Suppose we had ¢ A(x)-terms for every We can iterate these to reduce every

unary quantifier-free formula A(x), i.e. formula to a quantifier-free formula.

Consider the formula dxVy A(x, y)
dx A(X) < A(gA(x))
/’ \ Define b(x) := 04y ) SO

We can then define 04, 1= €4y SO

— |  dxVyA(x,y) & dxA(x, b(x))

VAD) & AGyy) |

Definea := ¢ SO
Indeed: Alb)

uy[‘/(y)@ —dy—A(Y) K AxA(x, b(x)) < Ala,b(a))
& 77AEy )

Hence
& A(Byy) AxXVYAQ,y) < Ala,ba))
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Quantifier elimination

dxVyA(x,y)
A

(1) define b(x) := 5A(x,y)
(2) define a 1= &4, p(y))

(3) consider (a, b(a))

\4

A(a, b(a))
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min-max elimination

Suppose we can calculate arg min of We can iterate these to calculate the
any functionf: X - R, i.e. min-maxofany F: XX Y - R
min f(x) = f(arg min(f(x))) Define b(x) := arg nyn:a? F(x, y) so
x: X x: X
A min max F(x,y) = minF(x, b(x))
f (X) x: X y:Y x: X

Define a := arg min F(x, b(x)) so

mlnf ............................... r s x: X
. >
arg min f min F(x,b(x)) = F(a,b(a))
Suppose we can also calculate the x: X
argmaxofany g: ¥ - R, ie. Hence
max g(y) = glarg max(g(y))) min max F(x,y) = F(a,b(a))
y: Y v: Y x: X y: Y
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min-max elimination

min max F(x, y)
x: X y:Y
A

(1) define b(x) := arg max F(x,y)
y: Y

(2) define a := arg min F(x, b(x))
x: X

(3) consider (a, b(a))

\4

F(a, b(a))
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Bekic lemma

Suppose we have a fixed point operator Define b(x) := fixY (Ay . my(F(x, y))) so
fix* for X,ie. forany f: X —» X

b(x) = my(F(x,b(x)))

fix*(f) = fEix*(f))

Suppose we dlso have a fixed point Define a := ﬁXX(/bC .y (F(x, b(x))) so

operator fix* for Y, ie.giveng: ¥ = Y

a = ny(F(a,b(a)))

fix'(g) = g(fix"(g))

And, by property of b(x),
We can combine these to obtain fixed

pointsfor F: XX Y - X XY b(a) = ny(F(a,b(a)))

Assume projections y: X X Y — X
andzy: X XY —> Y Hence (a, b(a)) = F(a, b(a)).



Bar Recursion Tutorial CCC’2026

Bekic lemma

ﬁXXXY(F)

A

(1) define b(x) := fix¥ Ay . my(F(x,y)))

(2) define a := fix*(1x. 7y (F(x, b(x)))

(3) consider (a, b(a))

\4

F(a, b(a)) = (a, b(a))
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Agenda

@ Partl: The binary product of selection functions
(Selection functions and quantifiers)

@ Part II: The finite product of selection functions
(Higher-order sequential games)

@ Part III: The infinite product of selection functions
(Spector’s and modified bar recursion)

@ PartIV: The selection monad transformer
(Turbo-charged bar recursion)
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@ Partl: The binary product of selection functions
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Abstract
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available via the ‘Save PDF' action button.

Bar recursion arises in constructive mathematics, logic, proof theory and higher-type
computability theory. We explain bar recursion in terms of sequential games, and show how it
can be naturally understood as a generalisation of the principle of backward induction that
arises in game theory. In summary, bar recursion calculates optimal plays and optimal
strategies, which, for particular games of interest, amount to equilibria. We consider finite
games and continuous countably infinite games, and relate the two. The above development is
followed by a conceptual explanation of how the finite version of the main form of bar
recursion considered here arises from a strong monad of selections functions that can be
defined in any cartesian closed category. Finite bar recursion turns out to be a well-known
morphism available in any strong monad, specialised to the selection monad.
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Quantifiers and selection functions

Definition (Escardd/0.2010).

We call functionals of the form
9w : X—>R)—R
R-valued quantifiers, or simply quantifiers

These generalise
3,V : X->B)»B aond mm,max : X—>R)-> R
We call functionals of the form
e: X>R)-oX

R-valued selection functions, or simply selection functions

These generalise

&0 : X—>B)—X and argmin,argmax : X > R) - X
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Product of quantifiers

Definition (Escardd/0.2010).

Given quantifiers : (X - R) > Randy: (Y - R) — R, define
pQ@®w : XXY—>R)—>R
as follows
(9 @ W)(q) = p(Ax.y(dy . q(x,y))
We call this construction the binary product of quantifiers

@ R=0D @ R=R

0 ¢ =3J*B=Bandy = yI=B-B @ ¢ = min “”® >R and y = max #>R-R
@ Given aformula g(x, y) @ Given a function g(x, y)

° (p®y)(g) = xVyq(x,y) ® (p ®y)(g) = min,max,q(x,y)

0.1
o



Bar Recursion Tutorial CCC’2026

Product of selection functions

Definition (Escardo/0.2010).

Given selection functions €: (X - R) > Xand o: (Y - R) — Y, define
ERO : XXY—->R) > XXY
as follows
(e ® 0)(q) := (a, b(a))

where

b(x) := o(4y.q(x,y))
a:= e(dx.q(x, b(x))

We call this construction the binary product of selection functions

This is the essential combinatorial construction behind the three examples at the start of
the talk (Hilbert’s e-terms, arg min and arg min, and fixed point operators)
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Attainability

Definition (Escardo/0.2010).

We say that a quantifier ¢ : (X — R) — R is attainable if for some selection function
e: (X - R) - Xwehave

¢(p) = p(e(p))
forallp: X = R

Q. (X—>B) > Xattainsd: X - B) - B 3x p(x) = p(e(p))

@ argmin : (X - R) - Xattainsmin: (X - R) - R min(p) = p(arg min(p))
o fixX: (X - X) — X attains itself fix(p) = p(fix(p))

0.1
o
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Main lemma

Lemma (Escardo/0.2010).

Suppose

1) €: (X —> R) » Xattains ¢: X > R) > R

2) 0: (Y>> R) » Yattains y: (Y - R) - R

Thene®06: (X XY > R) > XX Yattains p @u: X XY —>R) >R

Proof.

(@ @w)(q) = pix.y(ly.q(x,y))) (def)
= @(4x.q(x, b(x))) (2)
= q(a, b(a)) (1)
= q((e ® 6)(q)) (def)

where b(x) = 6(Ay . q(x,y)) and a = e(4x. g(x, b(x))
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From selection functions to quantifiers

Definition (Escardd/0.2010).

Every selection function €: (X — R) — X givesrise to a quantifier, which we shall
denotebye: (X > R) —» Ras
é(p) = p(e(p))

So, one can say that selection functions carry more information than quantifiers

v

Lemma (Escardo/0.2010).

This mapping from selection functions to quantifiers commutes with the

corresponding products

ER®6=eQ® 5
fore: (X > R) > Xando: (Y > R) > Y

=
o
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A tale of two monads...

KpX=X—->R)—>R

JpX=X—->R)—> X

My X = KpX ny: X = JpX
Piy: KeX = (X = Kg¥) — KpY By X = (X = JgY) — Jp¥
®F yi KpX X KgY — Kp(X X Y) ®% y: JRX X JgY > Ji(X X Y)

Lemma (Escardo/0.2010).

Mapping ( - ): JpX = KpXis a monad morphism

=
o
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{- Continuation monad -} In HaSke].].ooo

newtype K r x = K {quant :: (x —=> r) —> r}

instance Functor (K r) where
fmap = LiftM

instance Applicative (K r) where
pure x = K (\k —=> k x)
(<x>) = ap

instance Monad (K r) where
return = pure
phi >>= f = K (\p —=> quant phi (\gamma —-> quant (f gamma) p))

{- Selection monad -}
newtype J r x = J {selection :: (x —> r) —> x}

instance Functor (J r) where
fmap = 1iftM

instance Applicative (J r) where
pure x = J (\p —> x)
(<x>) = ap

instance Monad (J r) where
return = pure
e>=f =3 (\p—>Dbp (ap))
where
a p=selectione $ (\x =>p (b p x))
b p x = selection (f x) p




Realizability, Dialectica and selection functions

Dialectica interpretation of = —A (classical) realizability of = —A

Assume R(y) are realizers for 1, then, the
classical realizability of

The Dialectica interpretation of

==Xy  Ax, y) == 3x¥ AN (x)
is: is:
JeVp A(e(p), p(e(p))) JpVp(Vx(AV(x) = R(p(x))) = R(p(p)))
where where
e X—=>Y)=>X p: X—=>Y)->Y
\

since we haveefq: L — Ix*AN(x)

A selection function! <

— efqegp: X—->Y)—> X
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@ Part II: The finite product of selection functions
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The finite product of selection functions

Definition (Escardd/0.2010).

We can iterate the binary product of quantifiers and selection function to obtain finite
products of these:

Given quantifiers ¢.: (X; > R) — R, for 0 <i < n, we can define
n—1
®(Pi =P RP;V...0¢, ;1 HXi—>R — R
=0 i<n

Given selection functions ¢;: (X; = R) — X, for O <1 < n, we can define

(@q) =R R...Q¢,_; <HXi—>R) —>HXi

=0 <n I<n

Theorem (Escardo/Powell/O.2011).

These finite products are equivalent to Godel primitive recursion
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Finite bar recursion

Definition (Escardd/0.2010).

The product of quantifiers construction

(@) (=)

is equivalent to the following finit I recursion construction

- (%) ifn<|s|
(#,9,n,5) =g @)5(4x . 1BR(@, g, n, s * x)) itn>|s|

where g: IL.X; = Rand §: I1.X; is the infinite extension of the finite sequence

s: IL;_, X; with some fixed constant value (e.g. 0)
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Finite bar recursion

Definition (Escardd/0.2010).

The product of selection functions construction

®) (1)

<n <n I<n

is equivalent to the following (special) finite bar recursion construction

sBR(¢, g, n,5) =1 x {

A

S ifn<|s|
sBR(¢p, g,n, s * a) ifn>|s|

where a =x, & 5(q ° b) and b(x) =X, sBR(g, g,n, s * x)
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Higher-order games

Definition (Escardd/0.2010).

A sequential higher-order game of n-rounds is a tuple (R, (X)), ¢, (¢,);-,,) Where:
@ Ris the type of outcomes
@ X.isthe type of moves at round 1
@ ¢g: II._ X — Risthe outcome function

I<n“"i

@ ¢;: (X, > R) = R are quantifiers describing the “goal” at round i

q(Xgs X1 -5 X,_1)
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Higher-order games

Definition (Escardd/0.2010).

A sequential higher-order game of n-rounds is a tuple (R, (X));_,., ¢, (¢,);.,,) Where:
@ Ris the type of outcomes
@ X.isthe type of moves at round

@ ¢g: 1I._ X, — Risthe outcome function

@ ¢;: (X, & R) = R are quantifiers describing the “goal” at round i

Example 1 (maximising n-players).

@ R =R"
@ X.some choice of actions for player i
@ ¢(x): R"the game’s payoff function (i-th player receives 7(g(x)))

® ¢ = max;, maximising players (of type (X; > R") - R")
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Higher-order games

Definition (Escardd/0.2010).

A sequential higher-order game of n-rounds is a tuple (R, (X));_,., ¢, (¢,);.,,) Where:
@ Ris the type of outcomes
@ X.isthe type of moves at round

@ ¢g: 1I._ X, — Risthe outcome function

@ ¢;: (X, & R) = R are quantifiers describing the “goal” at round i

Example 2 (SAT).

@ R=R
QXZ.=|EB

® g(x): B some Boolean formula over n atomic propositions

@ ¢, = 3, existential quantifiers (of type (B — B) — B)

0.1
o
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Higher-order games

Definition (Escardd/0.2010).

A sequential higher-order game of n-rounds is a tuple (R, (X))..,., ¢, (¢,);~,,) Where:
@ Ris the type of outcomes
@ X.isthe type of moves at round 1

@ ¢g: II._ X, = Risthe outcome function

@ ¢;: (X, > R) = R are quantifiers describing the “goal” at round i

Example 3 (tic-tac-toe).
@ R=1{-1,0,1}
@ X. = {1,...,9} — grid position

@ g(x) decides outcome of game

@ ¢,; = max and ¢,;,; = min

0.1
o
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Higher-order games

Definition (Escardd/0.2010).

A sequential higher-order game of n-rounds is a tuple (R, (X)), ¢, (¢,);-,,) Where:
@ Ris the type of outcomes
@ X.isthe type of moves at round 1
@ ¢g: II._ X — Risthe outcome function

I<n“"i

@ ¢;: (X, > R) = R are quantifiers describing the “goal” at round i

Definition (Escardo/0.2010).

Given a higher-order game of n-rounds (R, (X)),_,,, ¢, (¢,);,)

@ (®;.,9:)(q): Risthe optimal outcome of the game

o Astrategy o;: I, ;X; — X;is optimalif for all x,, ..., x;_,

qX(s .-y X;_1,0) = @(AX] . (x5 ..oy X;_1, X}, 0))
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Main result

Theorem (Escardo/0O.2010).

Given a higher-order game of n-rounds (R, (X));.,,» ¢, (¢;);-,,). if each game quantifier
p;: (X, > R) >R

is attainable by a selection function
g:(X—>R)—> X

then product of these selection functions calculates an optimal play in the game, i.e.

( ® el-> (g) = optimal play

and hence, can be used to define optimal (sub-game perfect) optimal strategies

The product of selection functions generalises the “backward induction” algorithm from
Game Theory (the particular case when R = R" and ¢; = max,)
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Higher-order games

<®(Pi>(Q)

q: 11X, - R
<®5i>(6])

p;: (X, > R)—> R

optimal strategy

g: (X, > R)—> X
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A SAT solver

ghci> :type sequence
sequence :: (Monad m) => [m a] —> m [al

sequence :: [J r al —= J r [al

{- Selection monad -}
newtype J r x = J {selection :: (x —> r) —> x}

—— Selection function for predicates over one variable:
one_choice :: J Bool Bool
one_choice = J (\p —> p True)

—— Selection function for predicates over n variables:
n_choices :: Int —> J Bool [Bool]
n_choices n = sequence (replicate n one_choice)

—— Find a satisfying assignment for predicates with n variables:
sat :: Int —> ([Bool]l —> Bool) —> [Bool]
sat n = (take n) . (selection (n_choices n))




CCC’2026
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@ Part III: The infinite product of selection functions
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Quantifier elimination

dxVyA(x,y)
A

(1) define b(x) := 5A(x,y)
(2) define a 1= &4, p(y))

(3) consider (a, b(a))

\4

A(a, b(a))
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Product of selection functions

Definition (Escardo/0.2010).

Given selection functions €: (X - R) > Xand o: (Y - R) — Y, define
ERO : XXY—->R) > XXY
as follows
(e ® 0)(q) := (a, b(a))

where

b(x) := o(4y.q(x,y))
a:= e(dx.q(x, b(x))

We call this construction the binary product of selection functions

This is the essential combinatorial construction behind the three examples at the start of
the talk (Hilbert’s e-terms, arg min and arg min, and fixed point operators)
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Infinite pigeonhole principle

Infinite pigeonhole principle (IPP).

Any colouring of N with n colours will use one of the colours infinitely often

VN2 30 < nViN3Tj > i (c = f())))

ND-interpretation of IPP.

N

Given n", colouring N~ and selection functions ei(N_)N)_’N, for i < n, find colour

N=Nsuch that

plg;p) > ¢gp and ¢ = f(p(gp))

c <nandp

Theorem (O.2006, Escardo/0’2010).

The finite product of selection functions (finite BR) solves IPPND, namely

¢ = fmax((®;,&)(max))



Binary, finite, infinite...

Given two selection functions ¢: JpoX and o0: J,Y we have defined binary product:

eQ0: Jp(XXY)

For every n: N, given finite sequence (¢,),_,.: II._, JpX: we have defined finite product:

<n*

® &+ Jrllic, X

<n

Given infinite sequence (¢;);. n: 11;. \JrX; We now consider infinite product:

®5i3 Jrl;: N X

1: N
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—— Selection function for one variable:
one_choice :: J Bool Bool
one_choice = J (\p —> p True)

—— Selection function for Cantor space:
cantor_choice :: J Bool [Bool]
cantor_choice = sequence (repeat one_choice)

—— Existential quantifier for Cantor space
forsome :: ([Bool] —> Bool) —> Bool
forsome g = q (selection cantor_choice q)

—— Universal quantification for Cantor space
forevery :: ([Bool] —> Bool) —> Bool

forevery q = not (forsome (not . q))

—— Calculate FAN functional
—— Ulrich Berger (1990)
fan :: ([Bool] —> Bool) —> Int
fan q = go 0
where
go n | constant n g = n
| otherwise = go (n + 1)

constant :: Int —> ([Bool] —> Bool) —> Bool
constant n q = forevery (\xs —>
forevery (\ys —>
take n xs /= take n ys ||
q XS == q Yys))
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Spector 1962

LEM : Vn™NA v-A)

CA : IMNBvaN(fm) & A)

ACy : VaVIx®A (x) > Ja° Vn A (a)
DNS : VaN--A — --VaNA

Theorem (Spector’62).

@ f LEM + Athen A"
¢ LEM + AC, I CA
@ DNS + --ACy F (ACy)"

@ Bar recursion solves Dialectica interpretation of DNS
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Challenge.

Functional (Dialectica) interpretation of

Vi3 VYA, (1 y) > 30X iy A, (e, )

Problem A (solves challenge).

] N N ) N
Given 8,(ZX_>R)_>X, oX “Nand ¢g* ~Ffind a* ', n" and p* 7K such that

A (&,(p), p(e,(p))) = A,(a,, q(a))

where m = w(a).

e

, N N , N
Given 8,(ZX_>R)_>X, o® “Nand g% 7R find a® , n" and p*~* such that

pu(a,) = qg(a)

Problem B (solution for B gives solution for A).

forn < w(a).
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Interpreting AC, (classically)

Problem B (solution for B gives solution for A).

. N N , N
Given S,EX*R)*X, o 7N and g% “Rfind a* n" and p* =K such that

pu(a,) = qg(a)

forn < w(a).

Solution for B (Spector bar recursion). .

Define SBR(s): X" as follows

§ Iif w(5) <
SBR(s) = { ° () <|s

SBR(s * a) if w(8) > ||
where a =y &;(q ° b,) and b (x) =X, SBR(s * x).

Take a = SBR(( )) and p, = g © by, where &(n) = (ay, a, ..., 4, _1).
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Interpreting AC, (classically)

Solution for B (Spector bar recursion).

Define SBR(s): X" as follows (s X* and § = 5%0..)

A

S if w(§) < ||
SBR(s) =
(5) {SBR(S *a) if w(8) > ||
where a =y €/(q ° by) and b(x) =Ix SBR(s * x).

Take a = SBR(( )) and p, = q © by, where &(n) = (ay, ay, ..., Q,_1).

y

Main Lemmas (Spector’62).

@ If o = SBR(()) thena = SBR(a@(n)), foralln (hencep (a,) = g(a))
@ Ifa = SBR({)) andn = w(a) then w(a, 1) > n
@ Ifa = SBR(()) andn = w(a) then @, = ¢,(q ° by, (hencea, = ¢, (p,))

o
W
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Different forms of BR T

recursion

implicitly controlled [ ips JM,[ mbr M,[ MBR Jﬁof_“-l[aamma]

product of selection ' (type 0)
functions Ttrivial : |
|
IPS ]<l—————lhm—56——————I : § g 0
|
_ _: ______________________________ ) C 0
{Thm 5.8}
w S A ,
explicitly controlled Thm 3.16
: EP -—-— BR | | -----
pI’OdUCt of quantlﬁers . _ Q 4 i { _____ ] Equivalence classes
‘ trivial T [17] l
.| — > HA® definability
epq ] SBR |
' . . S »  Assume SPEC
' |
explicitly controlled yrmes Thm318 | | --—-—> AssumeBl
. |
product of selection [ eps I Thm 3.13 [ EPS ] | ———> AssumeBi+CONT
functions |

M. Escardo and P. Oliva, Bar recursion and the product of selection functions
The Journal of Symbolic Logic, 80(1):1-28, 2015
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Theorem (Escardo/0.2015).

There are two main forms of (unbounded) bar recursion.

Given selection functions
& (X5 = R) = X

q: 11X, -> R
w: 11X, - N

Spector’s “explicitly controlled” bar recursion is defined as

0 if w(8) < ||
SBR(s) =
(5) {a *SBR(s * a) if w(8) > ||

where a =y €/(q ° by) and b(x) =X, S *x* SBR(s * x)

And the modified “implicitly controlled” bar recursion
MBR(s) = a * MBR(s * a)

where a =y €,/(q ° by) and b(x) =mx, S *x* MBR(s * x)
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The model #

Theorem (Bezem’'1985).

@ The full set-theoretic type structure & is NOT a model of T + BR

@ The model ./ of strongly majorizable functionals is a model of T + BR

y

Model ./ construction. ‘

Define the strong majorizability relations for each type X inductively as:

ng*m =n<m
fﬁx—wg = Va*Vx <% a(fX< ga A gx <3 ga)

Then define:
My

Mx_y

N
{ft My — My : g0 (f <, ©)
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@ PartIV: The selection monad transformer
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Continuation and selection monads

d: ( X—>R)—>R

e:(X->R) - X

d(p) = p(e(p))
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Selection monad transformer

I': Type — lype

e X->R)->TX

& M. Escardd and P. Oliva
The Herbrand functional interpretation of the double negation shift
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Generalised product of selection functions

Theorem (Escardo/0.2017).

For any strong monad M let Jljy X = (X—> MR) > MX (free algebra case)

J ]]y . Type — Type is also a strong monad. In particular, we also have
®: JUX X JMY — JHX X Y).

Given € J%Xcmdé: J%Yandq: X XY — MRlet
b(xX) =My 5(/1)’Y- q(x,y))
and
a =y e(4x. q"(x, k(%))

where g: X X MY — MR. Then
(e ® 0)(q) =mxxy) 4 Qu bT(a)
where b": MX - MY
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Generalised product of selection functions

Theorem (Escardo/0.2017).

For any strong monad M let Jgf X = (X—> MR) - MX
J ]]y . Type — Type is also a strong monad. In particular, we also have
®: JUX X JMY — JHX X Y).

Game-theoretic interpretation.

Consider the finite powerset monad (M X = X*)
Selection functions then are “multi-valued”

Before: 8,§X_’R)_>X finds a good move given a game continuation (selection function)

Now: g X~>R*)—>X*

. finds a set of moves containing a good move or all good moves
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Herbrand interpretation of AC,

Problem D.

X, yR ) be given, anti-monotone in R*

X—R*

Let formula A, (x

Suppose e X7 R)=X

. are such that, for all n and p

dx € €,(p) A,(x, p(x)).
Then, given »* ~Nand qXN_’R* find finite set A C X" such that

da € AVn < w(a) A, (a,, g(a)).

Game-theoretic interpretation.

Premise: ¢ X 7K)—->X*

- finds a finite set of moves containing a good move for round n

Conclusion: A is a finite set which contains good play
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Herbrand interpretation of AC,

Problem D.

X, yR ) be given, anti-monotone in R*

X—R*

Let formula A, (x

Suppose e X7 R)=X

. are such that, for all n and p

dx € €,(p) A,(x, p(x)).
Then, given »* ~Nand qXN_’R* find finite set A C X" such that

da € AVn < w(a) A, (a,, g(a)).

Solution for D (bar recursion with finite sets).

Define B(s) C X" as follows

5} if w(8) < |s]|
R(s) =
U,c4 HBR(s * a) if w(8) > |s|

where A =y €),(Ax. Upep, () (@) and b(x) = HBR(s * x). Take A = HBR(( )).

H
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Herbrand interpretation of AC,

Solution for D (bar recursion with finite sets).

Define B(s) C X" as follows (s: X* and § = 5% 0...)

o [(8) if w(3) < |s|
(s) = { U, HBR(s * a) if w(8) > |s|

where A =y. £(Ax. Uygp () ¢(@)) and b(x) = HBR(s *x). Take A = HBR(( )).

Theorem (Escardo/0.2017).

The above construction solves the Herbrand functional interpretation of DNS and
hence AC, (classically).
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Current work and open questions

@ Selection functions with powerset monad to calculate all
optimal plays

@ Selection functions with Giry (distribution) monad to model
stochastic players

@ Selection functions with “state” monad to implement alpha-
beta pruning of min-max search

@ Question: Very few Proof Mining case studies has needed bar
recursion. Why? (most mathematics seems very “tame”)

@ Question: Girard/Krivine have interpreted analysis via
polymorphism. Exact relation between BR and polymorphism?
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& K.Godel
Uber eine bisher noch nicht beniitzte Erweiterung des finiten Standpunk

& C. Spector
Provably recursive functionals of analysis: a consistency proof of analysis by an
extension of principles in current intuitionistic mathematics

& B. Scarpellini
A model for barrecursion of higher types

& M. Bezem
Strongly Majorizable Functionals of Finite Type: A Model for Barrecursion
Containing Discontinuous Functionals
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& S.Berardi, M. Bezem, T. Coquand
On the Computational Content of the Axiom of Choice

& U. Berger, P. Oliva
Modified Bar Recursion

& P.Oliva
Understanding and using Spector’s bar recursive interpretation of classical
analysis

& U.Kohlenbach
Applied Proof Theory: Proof Interpretations and their Use in Mathematics
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& M. Escardd and P. Oliva
Selection functions, bar recursion and backward induction

& M. Escardd, P. Oliva and T. Powell
System T and the product of selection functions

@ M. Escardé and P. Oliva
Sequential games and optimal strategies

& M. Escardd and P. Oliva
Bar recursion and products of selection functions

@ M. Escardé and P. Oliva
The Herbrand functional interpretation of the double negation shift



